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N O N E Q U I L I B R I U M  T H E R M O D Y N A M I C S  O F  

M O N O D I S P E R S E  S U S P E N S I O N S  

G.  P .  Y a s n i k o v  UDC 536.70+532.135 

The in te rna l -ene rgy  and ent ropy balance equations of monodisperse  suspensions are  averaged 
over  the s ta t i s t ica l  ensemble  of possible spatial  configurations of solid spher ica l  par t ic les .  

The p resen t  work  is based on the method of s ta t i s t ica l  averaging of the balance equat ions,  valid for  a 
liquid and at the level  of individual pa r t i c l e s ,  developed in [1, 2]. 

_,For the local physical  quanti t ies G(t, r__ C N) appear ing in these equat ions,  which depend onhydrodynam-  
ic - r - and phase - CN(~(1) . . . . .  r (N)) - var iables  (N is the number  of par t ic les) ,  the average  o ve r  the 
dis t r ibut ion function ~b(t/C N) is introduced. 

The commutat ion p roper t i e s  of the averaging opera to r  const ructed in this way allow equations desc r ib ing  
the behavior  (on average)  of continua which model the phases  of a suspension to be obtained. 

The account below is based on the ma t r ix  fo rma l i sm introduced in [3]. The expl ic i t  fo rm of the ma t r i ce s  
and the operat ions  involving them which are  used in the p resen t  work  a re  given in the Appendix. As in [3], 
considerat ion is r e s t r i c t e d  to a mixture  of a liquid with solid spher ica l  pa r t i c les  without diffusion, chemical  
r eac t ions ,  or  phase t rans i t ions .  The phase ma te r i a l s  a re  assumed to be incompress ib le  and rotat ion of the 
pa r t i c l e s  insignificant.  

"Microscopic"  balance equations for  the mechanical  and total  energy valid in the liquid and inside the 
pa r t i c l e s  may be wri t ten  in the fo rm [4] 

dt VZ -+- ~ = - - V ' ( Y "  §  fl) 

dt 

Af ter  mult iplying Eqs.  (1) and (2) by | - Eq. (A.1) - and averaging,  the following re la t ions  are  obtained: 

(1 ! . . . .  ( O D d  l/~..r ~ = _ ( O ~ 7 . ( y , . V ) ) + ( E : ( v V ) O  ) 
dt , 

(3) 

de -~ (Z .~) )__  ( O V . j q )  ~ (OD ~ ] - ) = - - ( O  V. ~ (4) 
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Term-by-term subtraction in Eqs. (2) and (1) and in Eqs. (4) and (3) gives the internal-energy balance equations 

D L. (5) 
dt 

( OD du -..-* ~- > = - < o x :  v v ~ - ~ o ~ . Y ~  5.  to) 

T h e  t e r m s  a_.ppearing on the r ight-hand s ides  of Eqs.  (3), (4), and (6) may be t r a n s f e r r e d  using Eqs.  (A.2)-(A.6), 
G = ~, V, Jq, 

o ~ . x . P  ~ -- a~.Sp [ (~ .~ )  + < ~'.~'  ~ ] + ( b -  a) < o, (~.~)  > v + 

-4- (b - -  a) ( 01 (V. Z) V' ) + (b - -  a) ( 0iX : V ~ ) = av .  [Sp (0o. v) § (7) 

+ ~ ~.'.F' > j§  ( b -  a) 7.v § (b-- a) ~ 0, (~. Z) P' > § (b-- a) ~ 0,Z : ~V , 

where f ' =  - -  ( 0tV.2 ) is the phase- in te rac t ion  fo rce ,  and 

( O Z : v  V~ = a S p ( ~ : V V )  §  V' ) § (b- -a)  (0~X:V V~ ; (8) 

( OV.fq > ---- av.Sp (0q) § (b - -a )  ( 01V.Jq ) .  (9) 

The ma t r i ce s  ~r, v ,  and q a re  defined in Eq. (A. 7). The last  t e r m s  in Eqs.  (7)-(9) cha rac te r i ze  surface  
e f f e c t s  and may be expres sed  in t e r m s  of in tegrals  over  the surface  of the tes t  par t ic le .  The left-hand 
s ides  of Eqs. (3), (4), and (6) may be t r an s fo rm ed  as in Eq. (A.8). Using Eqs.  (7), (9), and (A.8), the to ta l -  
energy  balance equation - Eq. (4) - may be wri t ten  in the fo rm 

(De) § V. (Dev § d ( Oe' 9' ) ) = - -  av.  [Sp (0o. v) -? ( X'. V' ) ] - -  
ot (1o) 

- -  a v -  Sp (0q) + (b - -  a) ~.  v § (b - -  a) ( 0~ (V. X) ) .v  - -  (b - -a )  ( 0~Z : V V ) - -  (b - -  a) ( 0iV. J~ ~. 

Analogously,  the mechan ica l -energy  balance equation - Eq. (3) - may be wri t ten  in the fo rm [3] 

0 Dv 2 §  d ( O V ' . 7 ' )  + D ~  -r-V - - D v 2 v +  
Ot 2 2 

1 -~ -~ (1.1) 
= 1 2  d v ( O V ' - V ' ) §  d ( O V ' ( V ' - V ' ) )  §  O , 'V ' )  

§ 2 4 7  §  §  

The t e r m s  on the r ight-hand sides of Eqs. (10) and (11) on which the opera to r  ~ acts r ep re sen t  the fluxes of 
mechanical  and the rma l  energy ,  while the other  t e r m s  act  as the corresponding sources  and are  equal to the 
power of the fo rces  acting in unit volume of the suspension.  The ma t r i ce s  appearing in these equations are  de-  
fined in Eqs.  (A.7)-(A.10). 

Subtracting Eq. (11) t e rm  by t e r m  f rom Eq. (10) and taking into account that s = V2/2 + $ + u, the 
averaged internal-~anergy balance equation is obtained. The same resu l t  may be obtained ff the left-hand 
side of Eq. (6) is rewr i t t en  using Eq. (A.8), and Eqs. (8) and (9) a re  used in the r ight-hand side: 

0 _  (Du) + v.(Duv + d ( Ou'V' ) ) = - -  av.Sp (Oq) --  aSp (0o: VV) --  
Ot (12) 

- - a  ( 0,X : V V ) + (b- -a)  ( O~v.fq ) - -  (b- -  a) ( 0,Z : V V ) .  

It is evident f rom Eqs. (6) and (12) that the in ternal  energy  changes as a resu l t  of heat  fluxes and the power 
developed by internal  s t r e s s  but, in cont ras t  to the equation for  a s ingle-phase medium,  Eq. (12) includes 
t e r m s  associa ted with sur face  effects .  

The averaged entropy balance equation is der ived  using the "mic roscop ic"  balance equation and the funda- 
mental  Gibbs equation, 

D d' - - - ~ . L §  0-3) 
dt 
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DT ds  = D  du , X(, ) - -  -T- : ~ ~, ( 1 4 )  
dt dt 

where  p.(e) is the r eve r s ib l e  pa r t  of the p r e s s u r e  t ensor .  

Af te r  mult iplying Eqs.  (23) and (14) by @ and averaging,  the following re la t ions  are  obtained: 

<OD ~---> = - -<  >, 
(15) 

ds du  "* "-" 
< OD ~ -  > = < @DT-i dt > + < OT-i ~.(e) . V V > �9 (16) 

The f i r s t  t e r m  on the r ight-hand side of Eq. {26) may be expressed  using Eq. (5). This  involves multiplying 
Eq. (5) by @T -1 and averaging,  with the resu l t  

< OD d_s ~ = --  < o r - , x ' "  : ~ P  > --  < o r - , ~ . ~  >. (17) 
dt ' 

Here z(i) = y. _ z(e) is the irreversible part of the pressure tensor. 

Using Eqs. (A.2), (A.3), and (A.8), Eq. (25) is transformed to give 

(Ds) + ~.(Dsv + d < @s'V' > ) = _ a~.Sp (~J,) + CO-- a) < 0tV.~, > + aSp (0as + CO - -  a) < 0t~, >. (18) 
at 

The ma t r i c e s  ffsas and s are  given in Eq. (A.11). 

The f i r s t  t e rm  in Eq. (17) is t r ans fo rmed  using Eqs. (A.2) and (A.6) (G = Z (i), -~, T -l) and the approxi -  
mate  re la t ions  

IT-' = (, + IT')-' ~ "t -i -- "t-aT ' + . . . .  

< OT-tZ'~ : vV  ) ~ asp (x-'Oo(o : VV) - -aSpx- '  < OE(')' : v V  ' > + 

+ Co -- a) < 07-'2 (0 : V V > -- ,-2 < OT,ZCi) : V V > + . . . .  

(29) 

(20) 

and the second t e r m  in Eq. (16) is wr i t ten  in the fo rm 

< O T - ' - V . - J q ) =  (OV.(J~T- ' )>- -<  OJ'q.vT -t > = av.Sp(OqC') + 

(21) 
+ a sp (oq,-2.~,) + CO--a) < o,~.(Tqr-,) > -- Co--a) < 0, Yq. ~r-' > + 

+ aSp (q,-2. < our' > ) + f f  Sp (,-2 < o~ r' > ) + a < Oi~.~ (~-,r') > + . . . .  

If Eqs. (20) and (21) are substituted into Eq. (17), the left-hand side of Eq. (17) is transformed using Eq. (A.8), 
and t e r m s  of the o r d e r  of the square  of the pulsation divided by the square of the mean t empera tu re  are  
neglected,  then the entropy balance equation is obtained in the fo rm 

(Ds) ~- v.(Dsv + d ( Os'V' > ) = - - av .S p  (W},-'q) - -  
Ot (22) 

-- (b -- a) ( O~ .(7-'70.) > -- aSp (~qT-Z. V,) -- aSp (qr-'- < ov r '  > -i- 

_ (b-- a) < 0,J~.vT-' > --aSp(,-'Oo (i):Vv)+aSp (,-' < OY")': vV') -- (b-- a) < OT'Z(~ ~p >. 

The matrices s, r ,  r -l, q, and a(i) are given in Eqs. (A.11) and (A.12). If the terms on the right-hand sides of 
Eqs. (22) and (18) are compared, their physical meaning becomes clear. The first two t~rms 

~o = - C .  Sp (~a,) -CO - a) < 0,~. JZ > = a~. Sp (0q,-') --  CO --  a) < 0d .  ( r - '~ )  > (23) 

define the energy fluxes (per unit volume of mixture) due to heat transfer in the mean temperature fields of the 
liquid and solid phases and at the particle surface (in the latter the pulsational components may be explicitly 
separated). The remaining terms constitute the contribution to the energy production of irreversible heat 
transfer and viscous fiction, which appears in the mean and pulsational motion of liquids perturbed by particles 
and at the par t i c le  surface ,  
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o,, = aSp (0%) + ( b -  a) < 0to, > = - - a S p  (,1)qx-Z.VT)- 

- -  a Sp (q~-~. ( OvT' > - -  a Sp (~- '~o  '/) : V V) + a Sp ( , - '  < OZ(~ : ~ V') + 

+ (b - -  a) ( 0 Jq .vT  -i > + (b - -  a)< OT-iZ ~ : V V >. (24) 

Forma l ly  introducing the effect ive entropy flux Ia and the effect ive energy production ea of the suspension,  the 
ent ropy balance equation takes the same fo rm in Eq. (13) as fo r  a s ingle-phase medium, 

o 0~) + ~ . 0 ~ v  + d < Os'r >) = - -  ~ . , .  +, ,a.  
Ot 

The entropy balance for  the suspension phases is wri t ten  in the usual f o rm :  fo r  the liquid 

o__ (~d:jo + d0 < 0o,'~' > ) = -~.(~o,o' + p~,~, ')- < 0,~.(Yq. T-,) > -- 
ot 

- ( ~ - , :  ~,o + ~ , . , :  ~ , , ) -  (6o.~o ~ < o j r >  + o~,.~' < o,~r, > ) + 

+ < o, .7"-,4r > - (~o '~'o": ~,o + ~ '~ '~""  v ~ , ) -  

- (~o' < oo z"~' : v v' + ~ '  < ~ z")" : v P' > ) +  < O,T-'Z"~ : V V >, (25) 

for  the par t i c les  

0 (9d,s,)+V.(Pd,s,-v,-{-d,<O,s'V'>)=(O,fq:T-'-vT> -{-<O,v'(fqT-')>--(O,T-IZ(i':-VP>. (26) 
Ot 

Adding together Eqs. (25) and (26) {gives the entropy balance equation for the mixture. To establish the mutual 
influence of the t r r e v e r s i b l e p r o c e s s e s ,  i t i s  neces sa ry  to know the s y m m e t r y  p rope r t i e s  of the medium [4]. 
According to the Curie t heo rem,  v e c t o r  and t ensor  phenomena do not in te r fe re  in an i so t ropic  medium. In 
this case ,  fo r  example ,  the heat -conduct ion  law in the medium may be wr i t ten  phenomenological ly on the basis 
of Eq. (24) in the f o r m  

L, ~ (~, -{-, < 0,vT' > ). (27) Lo ~ ( , o + < O o ~ r ' > ) - ~  ,~ ~ = ~ + ~ = - ~  ,~ 

H e r e  L 0 = k0r~, L 1 = klr  ~ a re  phenomenological  coeff icients;  k 0 and k 1 a re  the the rmal  conductivit ies of the 
phases .  The same re la t ion  may be obtained by fo rmal  averaging of the "mic roscop ic"  F o u r i e r  phenomeno-  
logical  law 

~q =-~T, (28) 
where  A = 00~ 0 + 01k 1 is the genera l ized  the rma l  conductivity.  On the o ther  hand, the averaged value of the 
h e a t  flux in Eq. (28) may be wri t ten  in the fo rm 

-~ = < fq > = - -  ~ (~'r o -{- pro:,) - -  ( ~ l -  ~) < 0, 'sT >, (29) 

completely equivalent  to Eq. (27). Equation (29) has a l ready been der ived  and used by Buevich in consider ing 
heat  conduction in suspensions.  * 

Analogous considera t ion of v iscous  dissipat ion allows the effect ive s t r e s s  tensor  to be wri t ten  as follows 

[1l: 
o = < Y. > = - -  < Z (') + Z (i) > = - - e p o I  + 21ao [v-SpOvIL 

The supe r sc r ip t  s denotes the s y m m e t r i c  par t  of the mix tu re ' s  s t r a i n - r a t e  tensor .  

The equations cons idered  in the p resen t  work  and in [1-3] complete ly  descr ibe  the the rmal  and hydro -  
dynamic behavior  of suspensions of liquid with solid par t ic les .  It r emains  of in te res t  to include diffusion and 
chemical  reac t ions  in the given scheme ,  and to take rota t ion of the pa r t i c l e s  into account.  

*Yu. A. Buevich,  Pape r  at the Fifth All-Union Conference on Heat  and Mass T r a n s f e r  [in Russian] ,  ITMO, 
Minsk (1976). 
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A P P E N D I X  

N o= (~o o),  spo=,, o,= :s ~(o-,;-;"',~. 

For  the general ized function C with the mean (| the following formulas  a re  valid [3]:  

<OG> =0g, < G > = g = S p < O G >  =Sp0g ,  

< OG > = a Sp ((}g) + (b - -  a) < 0,G ) ,  

< OVG ) = avSp (0g) + ( b - -  a) ( 0,VG ) ,  

(A.1) 

(h.2) 

(A.3) 

For  the general ized function 

the pulsational components 

o ) , =  (o~O o) ,+ ,= ,=  (10 o) 
P g, 

V, Jq, ~, e, u, s , . . .  

IG = g + IG', 

(o o o~ qo 
g = o =  a i ]  ' v =  , q =  

\0 v i, 0 qt 

may be introduced. 

The averaged value of the substantial  der ivat ive dG/dt is [3] 

dG 0 -+ -* < DO -~- ) = -~- (Dg) + v.(Ogv + d  < OG'V '  ) ), 

(A.4) 

(A.5) 

(A.6)  

(A.7) 

(A.8) 

D = O ~ 1 7 6  D =  (od~ 0 ) ' p d i  d = ( ~  ~ dlO)' (A.9) 

Local  quanti t ies:  

V 

(i) 
y.(e) 
y. 

O0, Ot 
8 
U 
A 

e =  , , =  0 0 , o * = d < O V ' V ' ) ,  (A.10) 
ei ~i  

- -o -  

0 j~ so os = S 
~ o  s, t 0 6,i  

"ri ' 0 xF'  ' \ 0  o~o " 

N O T A T I O N  

is the veloci ty;  
is the potential energy;  
is the v i s c o u s - p r e s s u r e  tensor ;  
is the r eve r s ib l e  par t  of p r e s s u r e  tensor;  
is the complete p r e s s u r e  tensor ;  
is the heat- f lux density;  
a re  the general ized functions defined in the Appendix; 
is the specif ic  entropy;  
is the specif ic  internal energy;  
is the general ized thermal  conductivity; 
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T 

Js 
~s 
e 

is the temperature; 
is the entropy flux density; 
is the entropy production; 
is the specific total energy. 

Matrices with elements obtained on averaging local quantities: 

is the porosity; 
v is the velocity; 

is the pressure tensor; 
q are the heat fluxes; 

D is the generalized density; 
e is the total energy; 
T is the temperature;  

is the entropy; 
Js is the entropy flux; 
~8 is the er~ropy production; 
r is the effective pulsational s t ress ;  
~(i) is the viscous s t ress ;  
f is the mean phase-interaction force; 
do, dl are the phase-material  densities; 
L0, L 1 are the phenomenological coefficients; 
s is the porosity; 
P0 is the liquid pressure;  
/A 0 is the liquid viscosity; 

is the Heaviside function; 
a is the particle radius. 

S u b s c r i p t s :  
0 liquid; 
1 particles.  

S y m b o l s  : 
(...) is the averaging over an ensemble; 
( .)  is the scalar  product; 
(:) is the doubly convoluted tensor-element product; 
A bar above a symbol denotes the pulsational component. 
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